We construct a Heegaard diagram of genus three for the real projective 3-space, which has no waves and pairs of complementary handles. The first example was given by Im and Kim but our diagram has smaller complexity. Furthermore the proof presented here is quite different to that of the quoted authors, and permits also to obtain a simple alternative proof of their result. Examples of irreducible Heegaard diagrams of certain connected sums complete the paper.
Introduction
The construction of an algorithm for recognizing the standard 3-sphere S 3 is a very important problem in the topology of closed 3-manifolds. The first work in this direction was done by Whitehead [28] who discovered that certain Heegaard diagrams of S 3 have a special geometric property (see [28, Conjecture A]). Later Volodin et al. [27] conjectured that every Heegaard diagram of S 3 is reducible by wave moves (see Section 2 for the definition), except for the canonical one. Really, the conjecture is true for the case of genus two, as proved by Homma et al. [10] . But it is not true for genera greater than two. For genus 3 diagrams the conjecture was first disproved by Viro and Kobel'skiȋ [26] . Further counterexamples were given by Morikawa [14] for the case of genus three, and Ochiai [17, 18] for the case of genera three and four. In [15] Negami proved that every 3-bridge projection of a link can be transformed into a minimum crossing one by a finite sequence of wave moves if and only if the link is equivalent to one of the following: a trivial knot, a splittable link, or the Hopf link (see also [16] ). It follows from [1] that any result on wave moves for 3-bridge projections of a link can be translated into one on wave moves for genus two Heegaard diagrams of a closed orientable 3-manifold (represented as the 2-fold covering of S 3 branched over the link). So we have the following theorem. This result cannot be extended to Heegaard diagrams of genus three for S 3 and RP 3 (see [11, 14, 17, 18] ). In the present paper we construct a Heegaard diagram of genus three for RP 3 , which has no waves and pairs of complementary handles (see Section 3). The complexity of our diagram is less than the complexity of the diagram given by Im and Kim in [11] . The proof that the 3-manifold determined by the diagram is RP 3 is based on the fact that the diagram is invariant under an orientation preserving involution of the Heegaard surface. Thus the corresponding 3-manifold is a 2-sheeted branched covering of S 3 . This method was first used by Viro and Kobel'skiȋ [26] . The same proof works also for the example of Im and Kim, and permits to obtain a simple alternative proof of their result (see Section 4). Examples of irreducible Heegaard diagrams of genus three for connected sums of RP 3 and lens spaces are given in Section 5.
Wave moves and Heegaard diagrams
Concepts and notations from the theory of Heegaard splittings and diagrams are standard and can be found, for example [6, 8, 22] . Following [11, 17] [23] . So Heegaard diagrams, up to Singer moves, one-to-one correspond to closed connected orientable 3-manifolds, up to homeomorphism. Relations between Heegaard diagrams and branched coverings can be found in [1] . Here it was proved that there is a bijective correspondence between the equivalence classes of 3-bridge links with decomposing spheres and those of Heegaard splittings of genus two. Now we recall the concept of wave for a Heegaard diagram. Let H = (F;u,v) be a Heegaard diagram of a closed connected orientable 3-manifold M. By definition, the complexity c(H) of H is the cardinality of the set u ∩ v. Let us consider an arc w on F such that for a meridian or a longitude of H, u 1 say, w ∩ (u ∪ v) = w ∩ u 1 = ∂w and both ends of w attach to the same side of u 1 . Then one of the two circles, u 1 say, in u 1 ∪ w, different from u 1 , bounds a meridian disk of H, and H = (F;u ,v) is a new Heegaard diagram of M, where u = u 1 ∪ u 2 ∪ ··· ∪ u n . We say that the arc w is a wave for H, and that the replacement of u 1 with u 1 
is a wave move of H if c(H ) < c(H).
A Heegaard diagram is said to be reducible if it contains at least one wave. We say that a Heegaard diagram is irreducible if it has no waves and pairs of complementary handles. RP 3 In this section we construct a Heegaard diagram of genus three for the real projective 3-space, which has no waves and pairs of complementary handles. Our example has complexity 45 while that constructed in [11, Figure 1 ], has complexity 49 (see also Proof. We describe M 3 as 2-fold branched covering of the 3-sphere by using standard constructions explained in [1, 24, 26] . We consider the 3-disk whose boundary is the 2-sphere S 2 = R 2 ∪ {∞} containing the planar representation of our Heegaard diagram. Then we cut the 3-disk through the interior 2-disk with boundary represented by the dotted horizontal axis in Figure 3 .1 (in fact, its compactification at infinity). So the considered 3-disk is divided into two smaller 3-disks. We represent only one of them in the diagram pictured in Figure 3 .2. Then we construct three symmetric axes (the marked lines in Figure 3. 2), and connect the symmetric points with respect to these lines. We can regard this picture as the union of a circle α and a simple arc β in the 3-sphere. The circle α is formed by two oriented parts, that is, the oriented upper path EF and the lower path FE. The arc β is formed by five oriented parts, that is, the oriented upper path QP, the lower path PA, the upper path AB, the lower path BC, and the upper path CD. If we connect D with Q by a suitable lower path (i.e., the dotted oriented lower path DQ in Figure 3 .2), we get the 2-component link drawn in Figure 3.3(a) . The sequence of Reidemeister moves in Figure 3 .3 proves that this link is equivalent to the Hopf link. So the manifold M 3 is homeomorphic to the real projective 3-space RP 3 .
An irreducible Heegaard diagram for
The Heegaard diagram in respectively, and three relations
which correspond to longitudes. This presentation also arises from a spine of the manifold (we refer to [21] for a classification of 3-thickenings of 2-polyhedra).
The irreducible diagram of Im and Kim
The irreducible Heegaard diagram of genus three, given by Im and Kim in [11] , is illustrated in Figure 4 .1. The next theorem was proved in [11] by using the combinatorial representation of closed manifolds via colored graphs (and crystallizations-a special class of them). See for example [2-5, 7, 19, 20] for information about this theory. Here we give Proof. We will proceed as in the proof of Theorem 3.1. Determining the branch set of a representation of M 3 as a 2-fold covering of the 3-sphere yields Figure 4 .2. We can regard this picture as the union of a circle α and a simple arc β in the 3-sphere. The circle α is formed by four oriented parts, that is, the oriented upper path AB, the lower path BE, the upper path EF, and the lower path FA. The arc β is formed by three oriented parts, that is, the oriented upper path QP, the lower path PC, and the upper path CD. If we connect D with Q by a suitable lower path (i.e., the dotted oriented lower path DQ in Figure 4 .2), we get the 2-component link drawn in Figure 4.3(a) . The sequence of Reidemeister moves in u 1 , u 2 , and u 3 , respectively, and three relations
which correspond to longitudes.
Irreducible Heegaard diagrams of connected sums
Repeating n times certain arcs of the Im-Kim diagram, as indicated in Figure 4 .1, we get a family of irreducible Heegaard diagrams of genus three for closed orientable 3-manifolds M(n). Such diagrams are 2-symmetric, and represent M(n) as 2-fold branched coverings of the 3-sphere. Determining the branch set as described in the previous sections, one obtains the one-linked union of a trivial knot and a 2-bridge knot b(2n − 1,1 
This presentation is geometric, that is, it corresponds to a Heegaard diagram (or, equivalently, to a spine) of the manifold RP 3 #L(2n − 1,1).
To complete the paper we give the following result which is similar to that of [16, , concerning with the manifold (S 1 × S 2 )#L(p, q). The proof proceeds in the same way but we include it to make the reading clear. [9] (see also [25] ), which says that the 2-fold covering of S 3 branched over a link is homeomorphic to a lens space L(p, q), p = 0, if and only if the link is equivalent to a 2-bridge link b(p, q). In our case, L 1 = b(2,1) is the Hopf link, and L 2 = b(p, q), p odd, is the 2-bridge knot of type (p, q). In order to show the necessity, we will apply the Z 2 -equivariant sphere theorem [12] to the covering translation τ on M 3 (L) = RP 3 #L(p, q). Since M 3 (L) is not irreducible there is a τ-equivariant 2-sphere S 2 in M 3 (L) which bounds no 3-ball, and the projection of S 2 decomposes L into either L 1 ∪ L 2 or L 1 #L 2 . By the uniqueness of prime decompositions [13] we obtain M 3 (L 1 ) = RP 3 and M 3 (L 2 ) = L(p, q). By [9] we can conclude that L is a one-linked union of a trivial knot and a 2-bridge knot b(p, q).
